Abstract. When space points and camera optical center lie on a twisted cubic, no matter how many corresponding pairs there are from space points to their image points, camera projection matrix cannot be uniquely determined, in other words, the configuration of camera and space points in this case is critical for camera parameter estimation. In practice, it is important to detect this critical configuration before the estimated camera parameters are used. In this work, a new method is introduced to detect this critical configuration, which is based on an effective criterion function constructed from an invariant relationship between six space points and their corresponding image points. The advantage of this method is that no explicit computation on camera projection matrix or optical center is needed. Simulations show it is quite robust and stable against noise. Experiments on real data show the criterion function can be faithfully trusted for camera parameter estimation.
Introduction
Projective geometric invariant plays an important role in computer vision. Since 1994, there have been many studies on the invariant relationship between six space points and their image points [2-4, 7, 9-13] . The invariant relationship can be applied to 3D reconstruction, object recognition, robot vision and so on as shown in the literature.
On the other hand, estimation of camera parameters is a key problem in 3D reconstruction. One of the popular methods for this problem is to recover the camera parameters from at least six pairs of image points and their corresponding spatial points with known coordinates [1] . By using this method, many degenerate configurations may occur. There are systematic analyses for these degenerate configurations in Chapter 21 of [6] , which consist of two cases: incidence case and non-incidence case. The incidence case is that some of the space points are collinear or coplanar, or some of the space points and the camera optical center are collinear or coplanar. The non-incidence case is that the space points and the camera optical center lie on a proper twisted cubic, of which no three space points are collinear and no four space points are coplanar, also no two space points are collinear and no three space points are coplanar with the camera optical center. How to detect these degenerate configurations? This is the problem considered here. For the incidence case, it is easy to detect by determining the linearly dependent relations among the space points or the image points. However, for the non-incidence case, namely the case that the space points and the camera optical center lie on a proper twisted cubic, it is difficult to detect. The method of [16] can detect this degenerate configuration. But, estimation of the camera optical center is needed at first, and also it is sensitive to noise.
Detecting degenerate configurations is important because if a spatial configuration is degenerate mathematically but the noise from the measured image makes it non-degenerate, any estimation under such configuration is useless [15] . For camera parameter estimation, the data from those degenerate configurations just mentioned are critical and can result in dangerous recovered camera parameters.
Our method in this paper can effectively detect the degenerate configuration in the non-incidence case. This degenerate configuration in the non-incidence case (camera and space points lie on a proper twisted cubic) is called twisted cubic degenerate configuration, or twisted cubic configuration in the following.
By using brackets like in [2] [3] [4] [5] , we establish the invariant relationship between six space points and their images under a perspective view for the twisted cubic configuration. This configuration is different from the previous general one [2-4, 7, 9-13] . The established invariant relationship is free of the camera optical center and camera projective matrix. From it, then an algorithm based on a weighed criterion function is proposed to detect the twisted cubic degenerate configuration. Simulations and experiments on real data are performed, which show the proposed algorithm is quite stable against noise and the criterion function is reasonably useful in practice.
The organization of the paper is as follows. Some preliminaries are listed in Section 2. Section 3 reports the invariant relationship between six space points and their images under a perspective view for the twisted cubic configuration, and then elaborates the algorithm to detect the twisted cubic degenerate configuration for camera parameter estimation. Experiments are shown in Section 4, and Section 5 are some conclusions.
Preliminaries
In this paper, a bold capital letter denotes either a homogeneous 4-vector or a matrix, a bold small letter denotes a homogeneous 3-vector, a bracket "[ ]" denotes the determinant of vectors in it. And in addition, we assume that no three image points are collinear, no four space points are coplanar (so the brackets on the image and space points are always nonzero).
Under the pinhole camera, a space point M i is projected to a point m i in the image plane by:
where K is the 3 × 3 matrix of camera intrinsic parameters, and R, t are a 3 × 3 rotation matrix and a 3 × 1 translation vector, s i is a nonzero scalar. If s i were zero, then M i could not be projected to the image plane. We assume that camera optical center O and six space points M i are not at infinity throughout this paper. Then under (1), the established relation in [4] between bracket on image points and bracket on space points is:
We will use (2) later. In the following, for the notational convenience, if no ambiguity can be aroused, M i , i = 1..6 will be simply denoted as 1, 2, 3, 4, 5, 6, and the commas in the brackets will be omitted.
There is a unique proper twisted cubic passing through six space points 1, 2, 3, 4, 5, 6 with no three collinear and no four coplanar. Any point X is on this twisted cubic if and only if [16] :
X is not on the line through 1, 2.
The above representation is not unique as a result that the one after a permutation of 1, 2, 3, 4, 5, 6 is also a representation of the same twisted cubic.
We can see that each bracket in the first equation of (3) has the point 1. The geometric meaning of this equation is that 1, 2, 3, 4, 5, 6, X lie on a quadric cone with 1 as the vertex [16] . Similarly, the second equation of (3) means that 1, 2, 3, 4, 5, 6, X lie on a quadric cone with 2 as the vertex. This is consistent with the theorem in [14] that a twisted cubic can be the intersection of two quadrics. 
Recognizing Critical Configuration of Six Points
After a permutation of 1, 2, 3, 4, 5, 6 and the corresponding image points, this equation system is still the invariant relationship of 1, 2, 3, 4, 5, 6, O lying on the same twisted cubic, but is not independent of the above one.
Proof. Proposition 1 can be obtained by (3) and (2) as follows. If O lies on the twisted cubic through 1, 2, 3, 4, 5, 6, then O satisfies (3), further by (2), we have:
Notice that in (3), there is another condition such as: X is not on the line through 1 and 2. Here for the optical center O, this additional condition is unnecessary because if O is on the line through 1 and 2, then m 1 and m 2 become one point, which is contrary to our assumption that no three image points are collinear.
Because the representation (3) is independent of the order of 1, 2, 3, 4, 5, 6, the invariant relationship (4) is also independent of the order of them and their corresponding image points. Proposition 1 is proved.
Each ratio in (5) is a cross ratio [5] . Therefore, (4) is an invariant relationship between space points and image points equivalent to (5) .
By the last paragraph of Section 2 or [14] , we know the image points m i , i = 1..6, from the twisted cubic configuration are con-conic. But, this is not a sufficient condition for this configuration [14] .
We have established the above invariant relationship between six space points and their images under a perspective view when the optical center and the space points lie on a twisted cubic. The number of the equations describing the relationship is two, which is different from the number one for the previous general configuration [2-4, 7, 9-13] . The reason is just from the degeneracy of the twisted cubic configuration [17] .
This invariant relationship can be easily extended to invariant relationship between two perspective views that the two camera optical centers and six space points lie on a twisted cubic. Then the result can be used to detect critical data for computing fundamental matrix or epipoles [6, 8] .
Establishing an Algorithm to Detect Twisted Cubic Degenerate Configuration of Six Points
Detecting the twisted cubic degenerate configuration is important because the data for camera parameter estimation from the degenerate configuration is critical and can result in useless recovered camera parameters. We apply the established invariant relationship to detect the twisted cubic degenerate configuration of six points. The method is based on a criterion function that can be faithfully trusted for camera parameter estimation from six points in practice.
Notice that in the invariant relationship (4) of the twisted cubic case, m 6 does not occur. And, by the last paragraph of Section 2, we know that the first equation of (4) is the cone with 1 as the vertex, the second equation of (4) is the cone with 2 as the vertex. Thus, the two equations are denoted as g 1,(24,35) = 0, g 2,(14,35) = 0, which can be criterion functions to recognize the twisted cubic degenerate configuration. But, stability to noise is much affected by the order of space points and image points. So, we are to consider more equations after changing the orders of space points and their corresponding images. We do a permutation on 1, 2, 3, 4, 5, 6 and their corresponding images in g 1,(24,35) or g 2, (14, 35) and denote the corresponding result as g i, (jk,pq) . For each of such permuted functions, we also assign a weigh to it, and then the criterion function on 1, 2, 3, 4, 5, 6 and their image points is constructed as:
where
, (kl, pq)} has 15 elements and {i, j, k, p, q, l} = {1, 2, 3, 4, 5, 6}. According to our experience from extensive experiments, the weigh W i,σ is taken as the mean of the absolute values of the two terms in g i,σ in this work. Now, we can propose a two-step algorithm to determine whether six space points and the camera optical center lie on a proper twisted cubic or not, where no four of the space points are coplanar, and no three of the image points are collinear.
Step 1. Compute the value of the criterion function f on the six space points 1, 2, 3, 4, 5, 6 and their corresponding image points. Step 2. Let be a preset threshold, and determine whether f < . If yes, then 1, 2, 3, 4, 5, 6 and the camera optical center lie on a proper twisted cubic. Otherwise, they are not on a twisted cubic.
It is clear that the criterion function f is only on the image and space points, and in it there is no any computation on the camera optical center or projective matrix. f can let us efficiently know whether space points and camera lie on the same twisted cubic or not, also it can be faithfully trusted for camera parameter estimation from six points in practice as shown in real experiments. According to our experience from extensive experiments, the threshold is taken as 1.1 in this work.
Experiments

Simulations
We perform experiments on simulated data to test the stability of the proposed algorithm in the following. The world coordinate system is taken as the camera coordinate system. The simulated camera intrinsic parameters are: We do the repeated simulations, the image sizes are not greater than 1000 × 1000 pixels. We find that I 1 and I 2 are all very stable, and there are always Table 1 .
Though there is noise, the variations of I 1 , I 2 are very small, and there are always I 1 > I 2 . These show that the proposed algorithm can distinguish robustly between the twisted cubic degenerate configuration and the nondegenerate configuration, and the criterion function f is quite stable against noise. 
Experiments from Real Data
This section will show the usefulness of the proposed criterion function f that can be faithfully trusted for camera parameter estimation from six points in practice.
We are to calibrate a camera from a single view of a grid. We choose two groups of six pairs of space and image points with larger value and smaller value of the criterion function f , then from them, estimate camera parameters and compare the results.
The used image taken by a CCD camera is shown in Fig. 2 . The size of the image is of 1024 × 768 pixels. We extract the pixels of the edges by Canny edge detector, then fit them as lines, and calculate the intersection points of these lines. The world coordinate system is set up in the grid. Then we have 108 pairs of space points and the corresponding image points. By using DLT method [1] from these 108 pairs of space and image points, we obtain the camera intrinsic From these 108 pairs of space and image points, we randomly combine 125 groups of six pairs with no three image points collinear, no three space points collinear, and no four space points coplanar. We choose the group with the maximal value of the criterion function f , the group with the minimal value of the criterion function f , and denote them as G max , G min respectively. The value of f from G max is 3.0997, and the value of f from G min is 0.0380.
The image points of G min are plotted as m i , i = 1..6 as shown in Fig. 2 . We can see that there is no linear relation among them. The value of f , 0.0380, says that they are from degenerate configuration.
We calibrate the camera from the six pairs of space and image points in G max by DLT method, and the results are: Similarly, we calibrate the camera from the six pairs of space and image points in G min , and the results are: We evaluate the estimated K 1 and K 2 by comparing them with K: It is clear that the absolute error for each intrinsic parameter from K 2 is much greater than each one from K 1 . We evaluate the recovered R 1 and R 2 by comparing them with R: Also, it is clear that the accuracies of R 1 , t 1 are higher than the accuracies of R 2 , t 2 except the first element of the translation. For the first element of the translation, the absolute error from t 1 is greater than the absolute error from t 2 , but the difference between these two absolute errors is not so large as that for the second or third element of the translation. So, we can see that the calibration result from six pairs of space and image points with smaller value of the criterion function f (i.e. space points and optical center are near to the twisted cubic degenerate configuration) is not better than the one from six pairs of space and image points with larger value of the criterion function f (i.e. space points and optical center are far from the twisted cubic degenerate configuration). The proposed criterion function f , thus, can be faithfully trusted for camera parameter estimation from six points. We also perform the experiments from other real images and obtain the similar results. The details are omitted due to the space limit.
Summary and Conclusions
We establish the invariant relationship between six space points and their images under a perspective view when camera optical center and the space points lie on a twisted cubic. Then, the invariant relationship is used to recognize the nontrivial degenerate configuration of six points through a new algorithm. The algorithm is based on a criterion function, does not need explicit computations on the optical center or projective matrix, and is shown stable and robust against noise. We believe that it has further usefulness. For example, when applying RANSAC during the process of determining camera parameters, the critical groups of data can be filtered by the criterion function of this method, and then the algorithm can be extended to more than six pairs of space points and image points. The sample of six pairs of space points and image points with poor performance will not be chosen in RANSAC. How to know whether a sample is unreliable or not? The criterion function in this paper just can be used to detect the unreliability. We will report this work in future. The invariant relationship can also be easily extended to the the invariant relationship between two perspective views when the two camera optical centers and space points lie on the same twisted cubic, and then the result can similarly be used to detect critical data for computing fundamental matrix or epipoles [6, 8] .
